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Abstract
There are only finitely many locally projective regular polytopes of type {5, 3, 5}. They are covered by a locally spherical
polytope whose automorphism group is J1 × J1 × L2(19), where J1 is the first Janko group, of order 175560, and L2(19) is the
projective special linear group of order 3420. This polytope is minimal, in the sense that any other polytope that covers all locally
projective polytopes of type {5, 3, 5} must in turn cover this one.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
The goal of this article is to explore a number of rather special locally spherical polytopes of type {5, 3, 5}.
Although there are infinitely many locally spherical polytopes of this type, the majority (in some sense) have only
locally spherical regular quotients. It will be proved later in this article that there exists a minimal polytope that covers
all locally projective polytopes of this type. It has an automorphism group of order 28345372112193, the direct product
J1× J1× L2(19) of two copies of the first Janko group J1 and one copy of the projective special linear group L2(19).
This polytope, which we call the Phillippetope, is minimal in the sense that every polytope which covers all locally
projective regular or section regular polytopes of type {5, 3, 5} must cover the Phillippetope.
A brief introduction to the theory of abstract polytopes follows. The canonical reference for the theory of abstract
polytopes is [13], to which the reader is referred for any details missing below.
Abstract polytopes are combinatorial structures – partially ordered sets, in fact – with extra properties imposed.
These properties mimic properties of classical geometric (convex) polytopes. In fact, the face lattice of a convex
polytope is always an abstract polytope. Abstract polytopes also encompass tesselations of manifolds, and many other
objects that do not have a well defined topology, but instead may be characterised by their “local” topology – the
topology of their facets or vertex figures. For example, the polytopes of the classical theory are called spherical. A
tesselation of a manifold must have spherical facets and vertex figures, and is called locally spherical. If a polytope
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Fig. 1. The Coxeter diagram of type {5, 3, 5}.
had tesselations of projective space as facets, and classical convex polytopes as vertex figures, it would be called
locally projective. In general, for a topology X , a (section regular) polytope is said to be locally X if its facets and
vertex figures are either spherical or X , but not both spherical.
A flag of a polytope is a maximal totally ordered subset. If the automorphism group of a polytope is transitive on
the set of its flags, the polytope is said to be regular. The facets of a regular polytope are isomorphic and regular –
the same may be said of the vertex figures. A weaker form of “regularity”, called section regularity, may be defined
as follows. A polygon is section regular. A higher ranked polytope is section regular if all its facets are isomorphic
and section regular; likewise its vertex figures. Every regular polytope is section regular. The converse does not hold
– there are section regular polytopes which are not regular. Note that to provide such an example, one must move out
of the classical theory of convex polytopes. A simple example would be a tesselation of the torus by six squares.
For a regular (or section regular) polytope, one may define the Schla¨fli symbol or Schla¨fli type as follows. The
Schla¨fli symbol of the n-gon is {n}, and if the facets and vertex figures of P respectively have Schla¨fli symbols
{p1, . . . , pn−2} and {p2, . . . , pn−1}, then P has Schla¨fli symbol {p1, . . . , pn−1}.
For polytopes K and L, an amalgamation of K and L is a polytope with facets isomorphic to K and vertex figures
isomorphic to L. The set of all amalgamations of K and L is denoted as 〈K,L〉. There is no guarantee that an
amalgamation ofK and L will exist, even in the case where the Schla¨fli symbols ofK and L allow the Schla¨fli symbol
of the supposed amalgamation to be identified. Indeed, two of the central questions in the theory of abstract polytopes
are
• For what K and L does an amalgamation exist?
• For what K and L are all amalgamations finite?
These questions have, largely, framed the direction of research into abstract polytopes.
An important result regarding amalgamations is the existence of the universal polytope with facets K and vertex
figures L.
Given two polytopes P and Q, we say P covers or is a cover for Q (and Q is a quotient of P), if there exists a
structure-preserving surjection from P toQ. In the case where P is regular, this surjection may be taken as the natural
surjection from P to a collection of orbits of P under the action of a particular subgroup N of its automorphism group
W . Not all such subgroups yield well defined polytopes. Those that do are called semisparse subgroups of W . We
write Q = P/N . Note that Q is regular if and only if N is normal in W .
If K and L are regular and 〈K,L〉 is not empty, then there is a universal amalgamation {K,L} which covers
all others. A presentation for the automorphism group of this universal amalgamation may be found easily from
presentations of the automorphism groups of K and L.
The automorphism groups of regular polytopes are well characterised. A sggi, or string group generated by
involutions is a group with associated generating set of involutions s0, . . . , sn−1 where si and s j commute if |i− j | > 1.
Not every sggi is the automorphism group of a polytope. However, if an sggi satisfies the so-called intersection
property, that is, 〈si : i ∈ J 〉 ∩ 〈si : i ∈ K 〉 = 〈si : i ∈ J ∩ K 〉, then it is. An sggi that satisfies the intersection
property is called a string C-group. The one-to-one correspondence between string C-groups and regular polytopes is
relatively straightforward. For details, the reader is referred to Section 2E of [13].
2. Basic results
There exists a rank 4 polytope J of type {5, 3, 5} whose group is the first Janko group J1 of order 175560.
This polytope has 1463 dodecahedral facets, and 2926 hemi-icosahedral vertex figures. Its automorphism group
〈s0, s1, s2, s3〉 has a diagram as given in Fig. 1, with additional relators (s1s2s3)5 and ((s0s1s2)5s3)3. As mentioned
in [11], this polytope was first discovered by Dimitri Leemans, who encountered it while classifying the thin regular
geometries of J1. It was later independently derived by Michael Hartley as an example of a polytope in the class
〈{5, 3}, {3, 5}/2〉, by directly specifying the above presentation. Later still, Barry Monson (independently again)
derived the same polytope from a presentation, given in [1], of J1 as a group generated by involutions.
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Table 1
Some quotients of {5, 3, 5}
Degree Aut(P) |Aut(P)| Extra relators
10 2n (A5 × A5) 7 200 (s0s1s2s3s2s1)3, (s0s1s2s3)6
17 2n L2(16) 8 160 (s1s0s1s2s3)4
40 2n (L2(19)× L2(19)) 23 392 800 Unknown
50 (2n (A5 × A5))n 216 471 859 200 Unknown
34 (2n L2(16))n 216 534 773 760 Unknown
The polytope has gained importance recently as a base for the construction of other important geometrical figures.
In [10] it was used to construct the universal polytope {{5, 3}, {3, 5}/2}, from which every polytope in 〈{5, 3}, {3, 5}/2〉
may be derived as a quotient. In [11] it was shown that every thin regular rank 4 geometry of J1 may be constructed
from J via simple operations on the generators of its group. The current article continues this trend of using J to
construct other geometrical objects, specifically, some examples of locally spherical polytopes of type {5, 3, 5}.
It is known that there exist infinitely many locally spherical quotients of the hyperbolic tesselation {5, 3, 5}. This
fact follows immediately from Theorem 4C5 of [13]. Unfortunately, the proof of the result is non-constructive, in that
it does not show how to obtain examples. Examples of such finite quotients are important in that they give insight into
the symmetry of the tesselation {5, 3, 5} of H3, and therefore of H3 itself. A new finite locally spherical polytope of
hyperbolic type will often yield a new (otherwise, a previously known) compact hyperbolic manifold of which it is a
tesselation. (For an example similar to this, see [12].)
One way to find finite quotients is to search for cores N of low index normal subgroups of the group [5, 3, 5] of
{5, 3, 5}, and test whether the quotients of these cores are polytopal, for example by testing the intersection property.
This is easy, up to a point, with modern computing equipment and software such as that of [4]. However, although
the polytopes found may be large, their automorphism groups will always have relatively low degree as permutation
groups, since they act on the cosets of the low index subgroups from which they were derived. Table 1 shows a
number of such polytopes. All have groups with degree 50 or less. As abstract groups, the automorphism groups of
these polytopes satisfy all the relators of the Coxeter group [5, 3, 5], plus some extra relators. These extra relators,
if known, are shown in the last column of the table. This article shows two new polytopes in 〈{5, 3}, {3, 5}〉 whose
groups have degrees high enough to place them completely out of reach of such methods.
Note that although this method gives examples of low degree C-groups of the desired form, it doesn’t give a
practical way to classify them. It is not automatic that a C-group with a degree k representation is the quotient of a
core of an index k subgroup. An example demonstrating this is given later.
Section 7A of [13] introduces a general concept of “mixing”, where two polytopes are combined to form a larger
polytope. Here, we explore a special case of the mixing operation, note how it has been applied in the past, and apply
it to obtain some polytopes not found in Table 1.
Given two polytopes P1 and P2, with groups Γ1 = 〈σ0, . . . , σn−1〉 and Γ2 = 〈τ0, . . . , τn−1〉, we define
Γ3 = 〈ρ0, . . . , ρn−1〉 ≤ Γ1 × Γ2 via ρi = (σi , τi ). Note that Γ3 will be a string group generated by involutions.
If it satisfies the intersection property, so that it is a string C-group, we call its polytope P3 the mix of P1 and P2,
denoted as P1♦P2.
Note that the intersection property is by no means guaranteed. To cite the example given in [13], the mix of the
simplex {3, 3, 3} with Coxeter and Gru¨nbaum’s 11-cell (see [5] or [3]) {{3, 5}/2, {5, 3}/2} is not a polytope. On the
other hand, the mix of a p-gon and a q-gon is always a polytope, namely an r -gon where r is the least common
multiple of p and q. Mixing is idempotent, that is, P♦P ∼= P . It preserves duals and facets, in the sense that
(P1♦P2)∗ ∼= P∗1♦P∗2 , and if Fi is a facet of Pi , then the facets of P1♦P2 are F1♦F2. The mixing operation is
commutative and associative, and so forms a semigroup under conditions where it is closed (such as amongst the
n-gons). Some properties of the mixing operator are worth stating as theorems.
Theorem 2.1. Suppose P ′ and P ′′ are regular polytopes with automorphism groups W ′ and W ′′. Suppose that for
every i , the i-face and (n − 1− i)-coface of P ′ cover those of P ′′, or vice versa. Then the mix P ′♦P ′′ is a polytope.
Proof. Let W ≤ W ′×W ′′ be the group defined by the mixing operation, and let I and J be subsets of {0, 1, . . . , n−1}.
Let WI = 〈(s′i , s′′i ) : i ∈ I 〉. We need to show that WI ∩WJ = WI∩J for any I and J .
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Let i 6∈ I , and suppose (without loss) that the i-face and (n − 1 − i)-coface of P ′ cover those of P ′′. Then every
relation of the generators {s′i ′ : i ′ 6= i} of the parabolic subgroup H ′i of W ′ is also satisfied by the corresponding
generators {s′′i ′ : i ′ 6= i} of the parabolic subgroup H ′′i of W ′′.
If w = (w′, w′′) ∈ WI ∩ WJ , then w′ ∈ W ′I ∩ W ′J , and so w′ ∈ W ′I∩J . Let (w′, w′′) be written as a word on{si = (s′i , s′′i ) : i ∈ I }. The corresponding word on {s′i ′ : i ′ ∈ I } may be reduced to a word on {s′i ′ : i ′ ∈ I ∩ J } using
appropriate relations. Since WI ≤ Hi = 〈si ′ : i ′ 6= i〉, these relations may also be used to reduce the corresponding
word on {s′′i ′ : i ′ ∈ I } to the corresponding word on {s′′i ′ : i ′ ∈ I ∩ J }. Therefore, w = (w′, w′′) may be written as a
word on {si ′ = (s′i ′ , s′′i ′) : i ′ ∈ I ∩ J }, so that WI ∩ WJ ⊆ WI∩J . Clearly also WI∩J ⊆ WI ∩ WJ , so this completes
the proof. 
A corollary of the theorem is as follows.
Corollary 2.2. Let P ′ and P ′′ be regular polytopes of Schla¨fli type {5, 3, 5}. Then the mix P ′♦P ′′ is a well defined
polytope of type {5, 3, 5}.
Proof. It suffices to note that for any pair of polytopes of type {5, 3} (or {5} or {}, respectively), one covers the
other. 
Note that the above theorem implies the existence of a polytope, the mix of the first two polytopes in Table 1, of
type {5, 3, 5} and whose automorphism group is a subgroup of (2n (A5 × A5))× (2n L2(16)). This automorphism
group therefore has a permutation presentation on 27 points. However, it does not arise from any index 27 subgroup
of [5, 3, 5].
Another result on mixes is in order, which generalises the property that P♦P ∼= P .
Theorem 2.3. Let P be regular, and let M and N be normal semisparse subgroups of W = Aut(P). Then
(P/M)♦(P/N ) ∼= P/(M ∩ N ), assuming that the mix is well defined.
Proof. Consider the “flag action” of W = 〈s0, . . . , sn−1〉 on Q = (P/M)♦(P/N ), defined for any flag Φ of Q by
letting Φsi be the unique flag of Q differing from P by only an element of rank i . The flags of P/M are in one to
one correspondence with the (right) cosets of M . If ΦMu is a flag corresponding to the coset Mu, then under the flag
action, w moves ΦMu to ΦMuw (see Lemma 2.1 and Corollary 2.3 of [8]). From now on, we talk about the flag action
on the cosets of M (and N ).
The automorphism groups of P/M and P/N are 〈Ms0, . . . ,Msn−1〉 ∼= W/M and 〈Ns0, . . . , Nsn−1〉 ∼= W/N
respectively. Therefore, the automorphism group of Q is 〈(Msi , Nsi ), i = 0, . . . , n − 1〉, if this is a C-group.
The flags of a regular polytope are characterised by the elements of its automorphism group (see Theorems 2E11
and 2E10 of [13]), so the flags of Q are characterised by pairs of cosets {(Mw, Nw) : w ∈ W }. The flag action of W
on the flags ofQwill be well defined if for any flagΦ = Φ(Mw,Nw) ofQ, and for any relator si1 . . . sik of W , the action
of si1 , . . . , sik applied in sequence sends Φ to itself. It is not hard to show that si sends Φ(Mw,Nw) to Φ(Mwsi ,Nwsi ). It
follows almost trivially that the relator fixes Φ and therefore the flag action is well defined.
Theorem 5.2 of [7] shows that if we choose some base flag Φ of Q, then Q ∼= P/K where K = {w ∈ W : Φw =
Φ}. Let Φ = Φ(M,N ). Then Φw = Φ if and only if Mw = M and Nw = N . That is, K = M∩N , soQ ∼= P/(M∩N )
as required. 
The mixing operation became particularly important in [10], where it was used to construct the universal polytope
{{5, 3}, {3, 5}/2}. Let J be the polytope in 〈{5, 3}, {3, 5}/2〉 mentioned earlier, whose group is the Janko group J1,
that is, the polytope with group generated by s0, . . . , s3, with a diagram as in Fig. 1, and additional relators (s1s2s3)5
and ((s0s1s2)5s3)3. Further, let L be Coxeter’s 57-cell (see [2,14]), the universal polytope {{5, 3}/2, {3, 5}/2}, whose
automorphism group has generators t0, . . . , t3, diagram as in Fig. 1, and additional relators (t1t2t3)5 and (t0t1t2)5.
This automorphism group is isomorphic to the projective special linear group L2(19). In [10] it was shown that the
universal polytope {{5, 3}, {3, 5}/2} is the mix J♦L, with automorphism group J1× L2(19) ∼= Aut(J )×Aut(L). A
diagram showing the quotient relationships between L, J , J♦L and their duals is given in Fig. 2.
It is reasonable to inquire whether Fig. 2 can be extended by inserting additional mixes into the diagram. In fact, it
can. The mixes J♦J ∗ and J♦J ∗♦L turn out to be well defined polytopes, as the next two theorems note.
The authors propose that J♦J ∗ and J♦J ∗♦L be named respectively the Melvintope and the Philippetope, in
honour of Melvin Hartley, the first author’s son, and Philippe Fernandez, a student of the second author, who both
celebrated their birthdays at about the time the polytopes were discovered.
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Fig. 2. The regular quotients of J♦L and its dual.
Fig. 3. The regular quotients of J♦J ∗♦L.
Theorem 2.4. The Melvintope is a self-dual polytope in 〈{5, 3}, {3, 5}〉, whose automorphism group is J1 × J1.
Proof. It is well defined, by Corollary 2.2. It is self-dual, since (J♦J ∗)∗ = J ∗♦J ∗∗ = J ∗♦J = J♦J ∗. Let
the group of J♦J ∗ be 〈µ0, µ1, µ2, µ3〉.We may write µi = (si , s∗i ) ∈ J1 × J1, where s∗i = s3−i . Note that the µi
are involutions, and the group has the diagram as given in Fig. 1 (with other relations). Furthermore, (µ0µ1µ2)5 =
((s0s1s2)5, 1) 6= (1, 1), so the Melvintope has dodecahedral facets. Being self-dual, it also has icosahedral vertex
figures, and is thus a finite locally spherical quotient of {5, 3, 5}. Note also that ((µ0µ1µ2)5µ3)3 = (1, s∗3 ). Since all
involutions in J1 are conjugate, it follows that 〈µ0, µ1, µ2, µ3〉 contains (1, s∗i ) for all i . Since µi (1, s∗i ) = (si , 1) it
follows that the group of the Melvintope is in fact J1 × J1. 
Theorem 2.5. The Philippetope is a self-dual polytope in 〈{5, 3}, {3, 5}〉, whose automorphism group is J1 × J1 ×
L2(19).
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Table 2
Semisparse subgroups of the Melvintope — Part 1
Label Order Contains Contained by
1 1 2, 2′, 3, 3′, 5, 5′, 9, 9′, 14, 14′, 20, 20′
2 2 1 4, 6, 7, 8, 11, 12, 13, 17, 18, 24′, 25, 32, 33
3 3 1 19, 22, 42, 43
4 4 2 10, 15, 16, 21, 27, 37, 49
5 5 1 11, 12, 13, 19′, 31, 38, 39
6 6 2, 3′ 16, 28, 34, 44, 57
7 6 2, 3′ 16, 29, 35, 45, 58
8 6 2, 3′ 16, 26, 30, 36, 59
9 7 1 17, 22, 23, 41, 50′
10 8 4 26, 40, 41, 52, 61
11 10 2, 5 21, 30, 47, 53
12 10 2, 5 21, 29, 44, 45, 48, 54
13 10 2, 5 21, 28, 55, 56
14 11 1 24, 25, 39, 50
15 12 3′, 4 26, 44, 45, 51, 66
16 12 4, 6, 7, 8 46, 60, 71
17 14 2, 9 36
18 14 2, 9′ 27, 34, 35, 47, 48, 63
19 15 3, 5′
20 19 1 32, 42′, 43
21 20 4, 11, 12, 13 46, 60, 65
22 21 3, 9
23 21 3′, 9 36, 64
24 22 2′, 14 62
25 22 2, 14 56, 63
26 24 8, 10, 15 60, 64
27 28 4, 18 40, 51
28 30 6, 13, 19′ 46
29 30 7, 12, 19′ 46
30 30 8, 11, 19′ 46
31 35 5, 9′ 47, 48, 67
32 38 2, 20 49, 57, 58
33 38 2, 20′ 59
34 42 6, 18, 22′ 68
35 42 7, 18, 22′ 69
36 42 8, 17, 23 72
Proof. The proof that it is well defined and self-dual is as easy as for the Melvintope. Let the group of J♦J ∗♦L be
〈φ0, φ1, φ2, φ3〉. We may write φi = (si , s∗i , ti ) ∈ J1× J1× L2(19), where s∗i = s3−i . Note that the φi are involutions,
and the group has a diagram as given in Fig. 1 (with other relations). As for the previous theorem, we can find words in
the φi that equal (si , 1, 1), (1, s∗i , 1) and (1, 1, ti ), demonstrating that 〈φ0, φ1, φ2, φ3〉 ∼= J1× J1×L2(19) as required,
and other words that demonstrate that the facets are dodecahedral. 
The groups of the Melvintope and the Philippetope have minimal-degree permutation representations on 532 and
552 points respectively. This places them well out of range of techniques that find polytopes by searching for cores
of low index subgroups of [5, 3, 5]. It is not practical to perform an exhaustive search for subgroups of [5, 3, 5] with
such a high index, and even if it were, there would be no guarantee that the polytopes would in fact be found.
The Melvintope and the Philippetope are among the first published examples of finite polytopes in 〈{5, 3}, {3, 5}〉
whose group structure is completely known. Note that some of the examples of Table 1 appeared in [6] and in
Section 7D of [13].
It is instructive to consider quotients of these polytopes. By Theorem 2.4 of [9], if P/N is a polytope, then for all
w ∈ W we have Nw ∩ H0 Hn−1 = K0 Kn−1 for some semisparse K0 of H0 and Kn−1 of Hn−1. If P is an element of
〈{5, 3}, {3, 5}〉, with group W = 〈σ0, σ1, σ2, σ3〉, this means that for all w ∈ W we have that Nw ∩ H0 H3 is one of
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Table 3
Semisparse subgroups of the Melvintope — Part 2
Label Order Contains Contained by
37 44 4, 24′ 52, 65
38 55 5, 14′ 53, 54, 55
39 55 5, 14 56, 67, 71
40 56 10, 27
41 56 9, 10 64, 70
42 57 3, 20′
43 57 3, 20
44 60 6, 12, 15 60, 68, 71
45 60 7, 12, 15 69, 71
46 60 16, 21, 28, 29, 30 72
47 70 11, 18, 31
48 70 12, 18, 31 68, 69
49 76 4, 32 61, 66
50 77 9′, 14 62, 63, 67
51 84 15, 22′, 27 68, 69
52 88 10, 37 70
53 110 11, 24′, 38 65
54 110 12, 24′, 38 65
55 110 13, 24′, 38 65
56 110 13, 25, 39 72
57 114 6, 32, 42′
58 114 7, 32, 42′
59 114 8, 33, 43′ 72
60 120 16, 21, 26, 44 72
61 152 10, 49
62 154 17′, 24, 50
63 154 18, 25, 50
64 168 23, 26, 41 72
65 220 21, 37, 53, 54, 55
66 228 15, 42′, 49
67 385 31, 39, 50
68 420 34, 44, 48, 51
69 420 35, 45, 48, 51
70 616 41, 50′, 52
71 660 16, 39, 44, 45 72
72 175 560 36, 46, 56, 59, 60, 64, 71
{1}, {1, ω0}, {1, ω3} or {1, ω0, ω3, ω0ω3}, where ω0 = (σ1σ2σ3)5 and ω3 = (σ0σ1σ2)5. However, ω0ω3 is conjugate
to µ0, so the latter case is excluded.
Theorem 2.6. The only regular quotients of the Melvintope and the Philippetope are those shown in Fig. 3.
Proof. Consider first the Melvintope. All involutions of J1 are conjugate. This means there are three conjugacy classes
of involutions in W = J1 × J1, namely, (1, x)W , (x, 1)W and (x, x)W , where x is some involution of J1. Note that
µ0 ∈ H0 H3 is in (x, x)W , but µ0 6= ω0, ω3 or ω0ω3. This tells us that a semisparse subgroup of W cannot contain any
conjugate of (x, x). If N contains (x, 1) for some x , then (being normal) it contains (si , 1) for i = 0, 1, 2 or 3, and
therefore contains J1 × 1. Likewise, if it contains an involution (1, x), it contains 1× J1. This tells us that N must be
either 1× 1, J1 × 1 or 1× J1 (since J1 is simple), so the only regular quotients of the Melvintope J♦J ∗ are in fact
J and J ∗.
Now let W = 〈φ0, φ1, φ2, φ3〉, the group of the Philippetope. As for J1, all involutions of L2(19) are conjugate,
so W = J1 × J1 × L2(19) has seven conjugacy classes of involutions, represented by (x, x, y), (x, x, 1), (x, 1, y),
(x, 1, 1), (1, x, y), (1, x, 1) and (1, 1, y), where x is an involution of J1 and y an involution of L2(19). A semisparse
normal subgroup of W cannot contain an element conjugate to (x, x, y), since φ0 is of this form. It is not difficult to
show that a semisparse normal subgroup N of W containing an element conjugate to (x, x, 1) must be J1 × J1 × 1.
For example, one could show that (x, x, 1) has conjugates (s0, s∗0 , 1) and (s0, s∗2 , 1), so that N (being normal) contains
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(1, s∗0 s∗2 , 1), which in turn is conjugate to (1, s∗i , 1) for any i . Likewise, N must contain (si , 1, 1) for all i , so indeed
is J1 × J1 × 1.
In an analogous fashion, the other involutions give rise to semisparse normal subgroups J1×1×L2(19), J1×1×1,
1× J1× L2(19), 1× J1×1, 1×1× L2(19) and 1×1×1, so that the only proper regular quotients of the Philippetope
J♦J ∗♦L are J♦J ∗, J♦L, J ∗♦L, J , J ∗ and L, as depicted in Fig. 3. 
It is worthwhile to enumerate the non-regular quotients also. Unfortunately, this proved infeasible for the
Phillippetope, so we consider only the Melvintope here. Let N be a semisparse subgroup of W = J1× J1. Suppose N
contains involutions (x, 1) and (1, y). Then it also contains an involution (x, y), but as noted earlier, this is forbidden
for a semisparse subgroup. Therefore, a semisparse subgroup contains only involutions of the form (x, 1) or (1, y) or
neither, but not both. A similar argument could be made about elements of order 3, 7 or 11.
If N is a semisparse subgroup containing an involution of the form (1, y), then consider N∗ = {(b, a) : (a, b) ∈ N }.
Then N∗ will be a semisparse subgroup, and in fact (J♦J ∗)/N∗ will be dual to (J♦J ∗)/N . It follows that to search
for semisparse subgroups of J1 × J1, it suffices to consider only those subgroups with no involutions, or those of the
form (x, 1) only.
J1× J1 has 3038 subgroups, of which only 143 are semisparse. Summaries of these subgroups are given in Tables 2
and 3. The subgroups are labeled 1 to 72 and 2′ to 72′, with x and x ′ yielding a dual pair of polytopes. Note that the
subgroups yielding locally spherical polytopes are exactly those with odd order – thus the Melvintope has exactly 31
locally spherical quotients, including itself.
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